The velocity v does not occur in state spaces because the relative velocity between material and 66 observer does not influence constitutive properties 3 in contrast to ∇v on which the stress tensor may 67 depend.
68
Additional internal friction and heat conduction makes a state space necessary which contains 69 the spatial derivatives of mass density, internal energy and velocity 70 Z(x, t) = ( , e, ∇ , ∇e, ∇v)(x, t).
Aging processes need additionally time derivatives
71
Z(x, t) = ( , e, ∇ , ∇e, ∇v,
• v)(x, t).
According to (3), we obtain the following scheme for the representation of constitutive properties 72 R Z(x, t) = (T, W, q, Φ, s, η) Z(x, t) .
That means, constitutive properties depend on the space-time via the space-time dependence of Z(x, t) = ( , e, ∇ , ∇e, ∇v, ξ)(x, t),
and the evolution equations may have the shape
111
• ξ = f (⊗) + g(⊗)
• e + h(⊗) · ∇e + k(⊗) · ∇v, ⊗ = ( , e, ∇ , ∇e, ∇v, ξ).
Special one-dimensional cases are 112 relaxation type:
reaction type [22] :
If the condition #3 is not satisfied, that means, if internal variables occur in the balance eequation of 113 the internal energy, these variables of an extended state space are called "internal degrees of freedom". 
The Mesoscopic Theory

115
As already mentioned in the introduction, there is another possibility for describing complex 116 materials: Instead of using extended state spaces which modify the constitutive equations (7), the 117 domain of the basic fields (2) is extended by so-called mesoscopic variables m [16] 118 B meso (m, x, t) = ( , v, s, e, η)(m, x, t).
These mesoscopic variables are on equal foot with the space-time variables resulting in the fact,
119
that the mesoscopic balance equation of the density X defined on
is well known 
The MDF describes the distribution of m in a volume element around x at time t, and therefore it 131 is normalized 132 f (m, x, t) dM = 1.
Now the fields as mass density, momentum density, etc. are defined on the mesoscopic space. For 133 distinguishing these fields from the macroscopic ones we add the word "mesoscopic". Consequently 
Here (x, t) is the macroscopic mass density. By use of (17) we obtain 136 (x, t) = (m, x, t) dM.
This equation shows, that the system can be formally treated as a mixture of components having 137 the partial density (·) [24] . Here the "component index" m is a continuous one. Because mixture 138 theory is well developed [25] , [26] mesoscopic balance equations can be written down very easily [27] .
139
The special case of liquid crystals is considered in [28] .
140
Other mesoscopic fields defined on the mesoscopic space are the mesoscopic material velocity v(·) of the particles belonging to the mesoscopic variable m at time t in a volume element around x, the external mesoscopic acceleration k(·), the mesoscopic stress tensor T(·), and the mesoscopic heat flux density q(·), etc. Macroscopic quantities are obtained from mesoscopic ones as averages with the MDF as probability density:
A(x, t) = M A(·) f (·)dM (20) This again shows that the complex material can be seen as a mixture of components with different 141 values of the mesoscopic variable. The molecules of nematic liquid crystals are orientable, that means, each molecule has a preferred 146 direction n -the microscopic director-which indicates the orientation of the "needle-shaped" molecule. In 147 a particle of the liquid crystal continuum theory are a lot of molecules of different orientation resulting 148 in a mean orientation belonging to the considered particle described by a unit vector d. in terms of a second order tensor, the alignment tensor.
160
A purely macroscopic definition of the alignment tensor in terms of the dielectric tensor reads:
with the dielectric tensor e (D = e · E)
162
The second order tensor -defined in equation (21) [40, 41] .
174
Starting out with the macroscopic director d, the corresponding alignment tensor is of the form 8 :
with a scalar quantity, denoted as Maier-Saupe-order parameter S. 
188
For the entropy density η and the internal energy density e, the following constitutive assumption 189 is made: both quantities are decomposed into a part depending on the equilibrium variables -mass 190 density and internal energy density e-and an alignment tensor dependent part
For the alignment tensor-independent parts, the Gibbs equation in the usual form holds with 192 pressure p and temperature T:
With the usual assumptions of Thermodynamics of Irreversible Processes concerning the 
Taking the balance equation of the internal energy of a medium with an internal angular
into account (stress tensor: t, material velocity: v, moment of inertia: Θ, spin density: s), and 199 presupposing a material of vanishing couple stress and couple force
we obtain for the entropy production
: ∇v
Linear constitutive relations between the fluxes J 1 . . . 
by introducing the anisotropic part of the free energy density
Equation (30) is the evolution equation of the internal variable, the alignment tensor. It is of the 209 form of a pure relaxation equation without a flux term. In the following, the expression in the bracket 210 a − Tη a = f a is abbreviated as the alignment-tensor-dependent part of the free energy density f a .
211
The constitutive equation (31) 
The coefficients A 0 , B, C 1 , C 2 , and are material dependent parameters which are assumed to be 218 constant, and, especially independent of temperature. Here the Cayleigh-Hamilton theorem could be 219 used to transform the expression a · a · a · a, because this is not an independent invariant. However, 220 the above form is the most practical one. The derivations are carried out:
Using these ansatzes, from (30) the relaxation equation
follows, with
For the symmetric traceless part of the stress tensor, we obtain the constitutive equation:
4.1.4. Evolution equation of the alignment tensor without flow field
225
For vanishing velocity field
the relaxation equation for the alignment tensor simplifies to:
The right hand side of this equation is proportional to the derivative of a potential, the free energy ODF has a special property: the head-tail-symmetry
which takes into account that each microscopic director generates two points on the S 2 , one 241 on the "northern hemisphere" and the other is the opposite pole on the "southern hemisphere".
242
This head-tail-symmetry forbids the interpretation that the macroscopic director describes the mean 243 orientation of the microscopic directors in a particle of the liquid crystal
Consequently, the question arises "what is the macroscopic director in the framework of the 245 mesoscopic theory ?" In the isotropic phase, all orientations are equally probable, whereas in the liquid crystalline phases, the ODF is anisotropic.
The orientation distribution function
247
Thermotropic liquid crystals consist of rigid non-spherical molecules which are rotation symmetric.
248
The axis of this molecular rotation symmetry determines the microscopic director n. The molecules 249 themseves can be rod-like or disc-like. In all liquid crystalline phases, there exists an orientational 250 order of the microscopic directors which is described by the ODF which has often uniaxial symmetry.
251
The ODF allows the identification of the different phases. In the isotropic phase, all molecule 
258
There are two possibilities: that the ODF is rotation symmetric around an axis e, or that there is no such 259 rotation symmetry. In the first case, the phase is called uniaxial; in the second case, it is called biaxial 9 .
260
In most cases, nematic liquid crystalline phases are observed to be uniaxial as sketched in Figure 1 .
261
If we denote the angle between the uniaxial symmetry axis e and a microscopic director n by Θ,
262
the ODF depends only on cos Θ because of this uniaxial symmetry
These tensors are macroscopic fields of successive order. The even order tensors are non-zero,
270
due to the head-tail symmetry of the orientation distribution function (45).
271
Starting out with the uniaxial ODF (47), the alignment tensors of second and higher order become 
Beyond that, the following statement is true: If the macroscopic director is a basic field as in the 
278
The eigenvalue problems of the alignment tensor of uniaxial ODF are according to (51) and (53)
The Maier-Saupe parameter becomes a scalar field which can be interpreted mesoscopically:
Each direction is eigenvalue of a unax belonging to the same eigenvalue. According to (54) and
282
(55), we obtain
2. Total alignment (Ericksen-Leslie-theory)
284
If d tot is the direction of total alignment, the ODF is according to (45)
resulting in
according to (51) and (53). Also the scalar order parameters become S (k) tot = 1.
287
Consequently, we obtain: the ordinary liquid phase is characterized by S = 0 and a iso = 0, the case all molecules have exactly the same orientation and all scalar order parameters S (k) are equal to one.
291
The value S = −1/2 is the other extreme value (−1/2 ≤ S ≤ 1) which corresponds according to
292
(55) to a totally ordered planar phase, where all molecule axes n lie in the plane perpendicular to the 293 macroscopic director d. In experiments, partially ordered phases with 0 < S < 1 are observed.
294
The fields of order parameters a (k) (x, t) describe macroscopically the mesoscopic state of the 295 system introduced by the mesoscopic variable n and its distribution function. Consequently, these fields 
The macroscopic mass density ρ(x, t) satisfies the continuity equation, assuming additionally 307 incompressibility. The mesoscopic mass density satisfies, the following balance equation [28, 46] 308
with the mesoscopic material velocity v(·) and the orientation change velocity u(·) which are 309 defined by
The orientation distribution function satisfies a balance equation because of the definition (59), of 311 the mesoscopic mass balance (60) and of the incompressibility condition. A straight forward calculation
The differential equation (62) 
by use of a symmetric tensor Λ whose time derivative
• Λ is traceless, we obtain for the alignment
This implicit relation between the alignment tensor and the parameter Λ cannot be solved for Λ.
333
Instead, we will use the entropy density for the identification of Λ.
334
The part of the entropy density η a in (23) which depends only on the alignment tensor is 335 introduced on the microscopic level using the Shannon entropy of the ODF [54]
Inserting the orientation distribution function (63), this results in
Taking
into account, we obtain according to (64) 4
The LHS of (68) is a total differential. Consequently according to (68) 2 , ln Z depends only on Λ.
∂g ∂t
Taking (63) 3,4 into account, we obtain from (69) 2 and (68) 1
Because of (63) 4 , we can identify from (71) 2
Taking (72) 
Taking (73) into account, the ODF (63) becomes
and the alignment tensor (64) results in
The entropy density (66) becomes by use of (72) 2 and (74) 2
By the choice (69) 1 -which was induced by frame independence-we obtained (77) 2 , the quadratic 349 dependence of the entropy density on the alignment tensor. This simple expression is often a too rough 350 approximation: the quadratic term has to be extended by terms of higher order which must also be 351 scalar invariants according to observer independence. 
Further Applications of Mesoscopic Theory
353
The mesoscopic concept has been applied to various kind of materials with an internal structure, Due to its definition as probability density the crack distribution function (CDF) is the number
in volume elements for which the number density N(x, t) is non-zero. Here N(x, t) is the 371 macroscopic number density of cracks of any length and orientation. If N(x, t) = 0, we define 372 additionally that in this case f (l, n, x, t) . = 0. As there is no creation of cracks in our model, the 373 distribution function will be zero for all times in these volume elements. In all other volume elements 374 with a non-zero crack number it is normalized interval. There is no production and no supply of the crack number. Therefore we have for the crack 379 number density N:
We obtain a balance of the CDF (78) by inserting N(·) into (80):
This balance equation of the CDF corresponds to that of the ODF (62) in liquid crystal theory. 
In this definition of the damage parameter the possibility of cracks of any length (
included. This is consistent with different laws of crack growth, where the crack does not stop growing. 
The differential equation of the damage parameter depends on the crack distribution function,
396
and consequently on the initial crack distribution. Additionally, the time rate of the damage parameter to grow. This critical length is given by:
where K is a material constant, and σ n is the stress applied perpendicular to the crack surface. It Gibbs potential which includes the stress normal to the crack surface and the crack length as variables.
420
The resulting crack evolution law has the form
with material coefficients α and β. In case of a constant time rate of the applied stress, σ = v σ t, it 422 results in: 
v σ is the time derivative of the applied stress normal to the crack surface. The dependence of this 424 normal stress on the crack orientation results in the following orientation dependence of the dynamics:
where v σ0 is the change velocity of the stress applied in the z-direction. After averaging over all 426 orientations this orientation dependence results in a dependence on the fourth moment S 2 nnnn f d 2 n 427 of the crack distribution function. This dynamics also includes a criticality condition for starting the 428 crack growing.
429
With this model for the length change velocity, we end up with the following differential equation
430
for the crack distribution function:
Solutions of this differential equation for different initial conditions have been discussed in [61] .
432
An example taken from [61] is depicted in fig.2 . 
451
It is convenient to introduce also alignment tensors A (k) which are not traceless:
Exploitation of the spin balance equation
453
The domain of the mesoscopic constitutive mappings -the state space Z-is chosen to be:
Here T is the temperature and B the magnetic induction. The state space includes macroscopic and 455 mesoscopic variables. The macroscopic variables are temperature, mass density, magnetic induction,
456
its time derivative, and the first and second order alignment tensors. These alignment tensors in the 457 state space account for the fact that the dipoles tend to align parallel, i.e., the surrounding dipoles exert 458 an aligning "mean field".
459
In a simpler model, it would be sufficient to include only the first order alignment tensor which 460 expresses the tendency of the dipoles to align parallel. The second order alignment tensor accounts for 461 the influence of a quadrupolar ordering. We will discuss the case without the second order alignment 462 tensor as a special case later. The mass density in the state space is the macroscopic one because the 463 dependence on the orientation n is written out explicitly.
464
An exploitation of the balance of spin together with a constitutive function for the stress tensor 465 results in the orientation change velocity
The coefficients β j are functions of the macroscopic mass density (x, t) and the temperature T(x, t). The first moment of equation (62) reads:
On the other hand, the variable n is proportional to the microscopic magnetization (magnetization 471 per unit mass), i.e., it is the orientation of the microscopic dipole moment: m = αn with α = const.. The 472 first moment of the orientation distribution function is proportional to the average of the microscopic 473 magnetization, i.e., the macroscopic magnetization:
The first two terms in equation (96) are derivatives of the first order alignment tensor. The third 475 term is integrated by parts using Gauss' theorem on the unit sphere. The resulting equation reads:
Then, inserting the equation for the orientation change velocity equation (95) and taking into 477 account ∇ n (n) = P = δ − nn and n · ∇ n (. . . ) = 0 (because ∇ n is the covariant derivative on the unit 478 sphere), we obtain:
using the fact that P is a projector (P · P = P).
480
The first moment of the dipole distribution function is proportional to the magnetization (see 481 equation (97)). In the resulting equation there enters also the second orientational moment A (2) of the 482 dipole distribution function:
For an incompressible material, we end up with
A closure relation is needed, expressing the higher order moments in terms of the second order are statistically independent (which is an approximation only). Then the closure relation is a very 488 simple one:
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If the value of the magnetization is sufficiently small, we can neglect quadratic and higher order 490 terms of the magnetization. In this linear limit, (103) simplifies to: 
takes into account the local deformation of the flexible fibers. s is the local coordinate along the 500 fiber, and x is the position of the continuum element. s is only introduced in order to describe the local 501 fiber deformation. The tensor ϕ is obviously skew-symmetric because U is orthogonal,
502
We introduce the angular distortion vector (the vector invariant of the angular distortion tensor)
Only in this case we will denote the vector by the symbol in order to distinguish it from the 505 tensor ϕ.
506
Let n denote the unit vector tangential to the undeformed fiber. The scalar product of ϕ and n 507 results in the twist:
and the component of ϕ perpendicular to n is the bend:
The element of internal structure in our example is the orientation and deformation of the fiber.
510
The orientation of an undeformed fiber is described by a unit vector n, where turning around the fiber 511 by π does not change the orientation and therefore n → −n is a symmetry transformation. The vector 512 n is an element of the unit sphere S 2 . The deformation of the fiber is given by the vector ϕ introduced 513 previously. The aim is to introduce macroscopic quantities from this mesoscopic background which describe 516 the distribution of fiber orientations and the average distortion of fibers:
517
Orientational order parameters:
mixed orientation-deformation parameters:
These order parameters are tensors of successive order. They are macroscopic fields depending 521 on position and time. With respect to fiber orientations we have the symmetry transformation n → −n.
522
Therefore all odd order orientational order parameters vanish, and the first non-zero order parameter, In the case that all fibers have the same translational velocity, the macroscopic stress tensor is the 526 integral over all mesoscopic ones:
The mesoscopic stress tensor is a constitutive quantity, defined on a suitable set of variables. This 
Using this set of variables and a representation theorem up to linear order in the velocity gradient 531 and the deformation variable ϕ, we obtain the following expression for the mesoscopic stress tensor: 532t =ρ ρ α 1 nn + α 2 n ϕ + α 3 ϕn + α 4 n(∇ × v) + α 5 (∇ × v)n + α 6 ∇v + +α 7 nn· ∇v +α 8 n· ∇v n + α 9 n· ∇v ·nnn .
The material coefficients α 1 to α 9 may all depend on the (macroscopic) mass density ρ and 533 temperature T.
534
We assume, that the material velocity v does not depend on fiber orientation or fiber deformation.
535
In this case, the stress tensor is obtained by averaging over the mesoscopic variables according to +α 6 ∇v +α 7 nn· ∇v +α 8 n· ∇v n + α 9 n· ∇v ·nnn d 3 ϕd 2 n = = α 1 A + α 2 nϕ + α 3 ϕn + α 6 ∇v + +α 7 A· ∇v +α 8 ∇v ·A + α 9 ∇v : A (4) .
The average of α 4 n(∇ × v) vanishes, because S 2 f nd 2 n = 0 due to the symmetry n ↔ −n,
538
analogously for the term with α 5 . The averages n ϕ and ϕn are non-zero, because they are even 539 functions of n:
and therefore
541
− n ϕ(−n) = n ϕ(n).
The stress tensor (115) background which allows to derive these additional variables. These two possibilities are discussed 550 using the (macroscopic) director and the alignment tensor of nematic liquid crystals.
551
The microscopic background can be quantum-theoretical, statistical or mesoscopic which is chosen access.
567
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